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In this research, motivated and inspired by the above facts, we
introduce a new iterative scheme for finding a common element of the set of fixed points
of three nonexpansive mappings, and the set of solutions of a mixed equilibrium problem in
a real Hilbert space. Strong convergence results are derived under suitable conditions in a
real Hilbert space. We introduce a new iterative scheme for finding common solutions of a
variational inequality for an inverse-strongly accretive mapping and the solutions of a fixed
point problem for a nonexpansive semigroup by using the modified Mann iterative method.
We shall prove the strong convergence theorem in a $gS$-uniformly smooth Banach
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CHAPTER 1

INTRODUCTION

1.1 Background of research

The fixed-point iteration process for nonlinear operators in Hilbert spaces
and Banach spaces including Mann, Halpern and Isikawa iterations process have
been studied extensively by many authors to approximate fixed point of various
classes of operators in both Hilbert spaces and Banach spaces. In 1952, Mann [12]
defined Mann iteration in a matrix formulation. In 1967, Halpern [17] introduced

the new innovation iteration process which resemble in Mann’s iteration.

In 1994, equilibrium problems were introduced by Blum and Oettli [5] and
by Noor and Oettli [17] as optimization problems and generalizations of variational
inequalities. The equilibrium problem theory provides a novel and united treatment
of a wide class of problems which arise in finance, economics, ecology, elasticity,
transportation, network and optimization. This theory has had a great impact and

influence in the development of several branches of pure and applied sciences.

1.2  Objective

The objectives of research project

1.2.1 We construct an iterative scheme of nonexpansive mappings in Hilbert

spaces and we prove strong convergence theorems.

1.2.2 Apply iterative scheme to prove strong convergence theorems and

reduce condition to other theorems.



1.3 Benefits of research

The benefits of research project

1.3.1. To gain the method for construct an iterative scheme of nonexpansive

mappings in Hilbert spaces.

1.3.2. To apply iterative scheme to prove strong convergence theorems and

reduce condition to other theorems.



CHAPTER II

PRELIMINARIES

In this chapter, we give some definitions, notations, and some useful results

that will be used in the later chapters.

2.1 Basic results.

Definition 2.1. Let X be a linear space over the field K (R or C). A function

| -] : X — R is said to be a norm on X if it satisfies the following conditions:
(1) [|z]| > 0,Vz € X;
2) |zl =0 =z =0;
B) lz +yll < llzll +llyll, Ve, y € X;
(4) ||ax| = |a|||z]|, Yz € X and Va € K.
Definition 2.2. Let (X, | - ||) be a normed space.

(1) A sequence {z,} C X is said to converge strongly in X if there exists

x € X such that lim |z, —x| = 0. That is, if for any € > 0 there exists a positive
n——aoo

integer NV such that ||z, —z| < €,Vn > N. We often write lim z, =zorz, — x

n—:o0

to mean that x is the limit of the sequence {x,,}.

(2) A sequence {x,} C X is said to be a Cauchy sequence if for any € > 0
there exists a positive integer N such that ||z, — x,| < €,V m,n > N. That is,

{zn} is a Cauchy sequence in X if and only if ||z, — x,|| — 0 as m,n — oc.

Definition 2.3. A normed space X is called complete if every Cauchy sequence in

X converges to an element in X.

Definition 2.4. An element z € C is said to be a fized point of a mapping S :
C' — C proved Sz = z. The set of all fixed point of S is denoted by F/(S) = {z €



C: Sx =z}
Definition 2.5. Let F' and X be linear spaces over the field K.

(1) A mapping T : F' — X is called a linear operatorif T(z+y) = Tx+Ty
and T(ax) = aTz,Vr,y € F, and Ya € K.

(2) A mapping T : F' — K is called a linear functional on F if T is a linear

operator.

Definition 2.6. Let F' and X be normed spaces over the field Kand T : X — F
a linear operator. T is said to be bounded on X, if there exists a real number M > 0

such that [|T(z)] < M||z||,Vz € X.

Definition 2.7. Sequence {z,}2°, in a normed linear space X is said to be a

bounded sequence if there exists M > 0; such that ||z,|| < M,¥n € N.

Definition 2.8. Let F' and X be normed spaces over the field K, T : FF — X
an operator and ¢ € F. We say that T is continuous at c if for every € > 0 there
exists 0 > 0 such that ||T'(z) — T'(c)|| < € whenever ||z —¢|| <d and z € F. If T is

continuous at each x € F, then T is said to be continuous on F.

Definition 2.9. A subset C of a normed linear space X is said to be convex subset

in X if Az + (1 — ANy € C for each z,y € C and for each scalar A € [0, 1].

2.2 Inner product spaces

Definition 2.10. The real-valued function of two variables (-,-) : X x X — R is
called inner product on a real vector space X if it satisfies the following conditions:

1) {ax + Py, z) = alz, z) + By, z) for all x,y,z € X and all
real number « and [3;

2) (z,y) = (y,x) for all z,y € X; and

3) (z,z) > 0 for each x € X and (z,z) = 0 if and only if z = 0.

A real inner product space is a real vector space equipped with an inner product.



Remark 2.11. Every inner product space is a normed space with respect to the

norm ]| = |(z,z)[2, 2,y € X.

Definition 2.12. A Hilbert space is an inner product space which is complete

under the norm induced by its inner product.

Definition 2.13. A sequence {x,} in a Hilbert space H is said to converge weakly
to a point z in H if lim,, . (z,,y) = (z,y) for all y € H. The notation x, — x is

sometimes used to denote this kind of convergence.

Definition 2.14. The metric (nearest point) projection Pc from a Hilbert space
H to a closed convex subset C' of H is defined as follows: Given x € H, Pox is the

only point in C' with the property
|z — Pox| = inf{[lz —y|| : y € C}.

Lemma 2.15. Let H be a real Hilbert space, C' a closed convex subset of H. Given
x € H and z € C. Then

1) z = Pcx if and only if there holds the inequality
(x—z,2z—y)>0,VyeC.

2) ||[Pox — Peyl| < ||z = yll, Yo,y € H.
3) (& —y, Pox — Poy) > ||Pox — Poyl|?

2.3 Hilbert spaces

Definition 2.16. The real-value function of two variables (-,-) : X x X — R is

called inner product on a real vector space X if it satisfies the following conditions:

(1) (ax + By, z) = oz, z) + By, z) for all x,y, z € X and all real number «
and [3;

(2) (z,y) = (y,z) for all x,y € X; and



(3) (x,x) > 0 for each x € X and (x,z) = 0 if and only if z = 0. A real

mmner product space is a real vector space equipped with an inner product.

Definition 2.17. A Hilbert spaces is an inner product space which is complete

under the norm induced by its inner product.

Definition 2.18. The metric (nearest point) projection Pe from a Hilbert space
H to a closed convex subset C' of H is defined as follows: Given x € H, Pox is the

only point in C' with the property
| = Pox|| = nf{[lz -yl : y € C}.

Definition 2.19. For every point x € H, there exists a unique nearest point in C,

denoted by Pgx, such that
|l — Pox| < ||z —y| forallyeC.

Py is called the metric projection of H onto C'. It is well known that Po is a firmly

nonexpansive mapping of H onto C' and satisfies
(z —y, Pox = Poy) 2 ||Pox — Poyl®, Va,y € H (2.1)

Definition 2.20. Let X be a normed space, {z,} € X and f: X — (—o00, o).
Then f is said to be

1) lower semicontinuous on X if for any = € X,
f(zo) < liminf, . f(z,) whenever x, — x.

2) upper semi (or hemi) continuous on X if for any zg € X,
limsup,,_,, f(z,) < f(zo) whenever x,, — .

3) weakly lower semicontinuous on X if for any = € X,
f(zo) < liminf, o f(z,) whenever x, — x.

4)  weakly upper semicontinuous on X if for any xy € X,

limsup,,_, ., f(z,) < f(zo) whenever x,, — z.



Definition 2.21. Let X be a normed space. A mapping T : X — X is said to

be Lipschitzian if there exists a constant £ > 0 such that for all x,y € X,
[Tz — Ty|| < kllz —yl|. (2.2)

The smallest number k for which (2.4) holds is called the Lipschitz constant of T

and T is called a contraction (nonexpansive mapping) if k € (0,1) (k=1).

Definition 2.22. An element z € X is said to be
1) a fized point of a mapping T : X — X provided Tx = x.
2) a common fized point of two mappings S, T : X — X
provided Sz =z = T'z. The set of all fixed points of 7" is denoted by F(T).

Lemma 2.23. Let H be a real Hilbert space, C' a closed convex subset of H. Given
x € H andy € C. Then y = Pex if and only if there holds the inequality

(x—y,y—2)>0,VzeC.

Definition 2.24. A Linear space or vector space X over the field K (The real field
R or the complex field C) is a set X together with an internal binary operation
7+ called addition and a scalar multiplication carrying (o, z) in K x X to az in
X satisfying the following for all x,y,2 € X and «, § € K:

z+y=y+s,

2) (z +y)+z=z+(y+72),

3) there exists an element 0 € X called the zero vector of X such
that t +0=x for all z € X,

4) for every element z € X, there exists an element —x € X
called the additive inverse or the negative of x such x + (—z) = 0,

5) a(z +y) = ax + ay,

6) (a+ f)x = ax + Pz,

7) (aP)z = o(Bz),

8)1-z=ux.

The elements of a vector space X are called vector, and the elements of K called



scalars. In the sequel, unless otherwise stated, X denotes a linear space over field

R.

Definition 2.25. A subset C of a linear space X is said to be a convex set in X

if Az + (1 — \)y € C for each z,y € C and for each scalar A € [0, 1].

Definition 2.26. Let X and Y be normed spaces over the field K, 7": X — Y

an operator and xo € X. We say that 1" is continuous at xq if for every € > 0 there
exists > 0 such that [|T'(z) — T'(z0)|| < € whenever ||z — z¢|| < § and z € X. If

T is continuous at each z € X, then T is said to be continuous on X.

Remark 2.27. A linear operator on a normed space is bounded if and only if it is

continuous. We now denote the set of all continuous (or bounded) linear operators

of X into Y by L(X,Y).

Definition 2.28. Let X be a normed space. A mapping T : X — X is said to

be Lipschitzian if there exists a constant £ > 0 such that for all x,y € X,
[Tz — Ty < klle—yll (2.3)
The smallest number & for which (2.4) holds is called the Lipschitz constant of T

and T is called a contraction (nonexpansive mapping) if k € (0,1) (k=1).

2.4 Normed spaces and Banach spaces

Definition 2.29. [10] Let X be a linear space over the field K (R or C). A function
|| -] : X — K is said to be a norm on X if it satisfies the following conditions:

1) |||l > 0,Vz € X;

)
2) |lz|| =0 < z =0;
3) |z +yll < llzl| + llyll, Vz,y € E;
)

4) |azx| = |ao|||z]|,Vz € E and Va € K.

We use the notation || - || for norm.



Definition 2.30. [10] Let (X, || - ||) be a normed space.

1) A sequence {x,} C X is said to converge strongly in X if
there exists € X such that nli%rnoO |zn,—2|| = 0. That is, if for any € > 0 there exists
a positive integer N such that ||z, — z|| < €,Vn > N. We often write nli_r}noo Ty, =1
or x, — x to mean that z is the limit of the sequence {x,}.

2) A sequence {z,} C X is said to be a Cauchy sequence if for
any € > 0 there exists a positive integer N such that ||z, — x,| <&,V m,n > N.
That is, {x,} is @ Cauchy sequence in X if and only if ||z, — x| — 0 as m,n —
0.

3) A sequence {x,} C X is said to be a bounded sequence if

there exists M > 0 such that ||z,| < M,Vn € N.

Definition 2.31. [10] A normed space X is called to be complete if every Cauchy

sequence in X converges to an element in X.

Definition 2.32. [10] A complete normed linear space over field K is called a

Banach space over K

Definition 2.33. [10] Let X and Y be linear spaces over the field K.

1) A mapping T : X — Y is called a linear operator if T'(x +
y) =Tz + Ty and T'(ax) = oTx,Vz,y € X, and Va € K.

2) A mapping T : X — K is called a linear functional on X

if T" is a linear operator.

Definition 2.34. [10] Let X and Y be normed spaces over the field K and T :
X — Y a linear operator. T is said to be bounded on X, if there exists a real

number M > 0 such that ||T'(z)|| < M||z||,Vz € X.

Definition 2.35. [10] Let X and Y be normed spaces over the field K, 7 : X — Y
an operator and xg € X. We say that T'is continuous at xq if for every € > 0 there
exists > 0 such that [|T'(z) — T'(zo)|| < € whenever ||z — z¢|| < § and z € X. If

T is continuous at each x € X, then T is said to be continuous on X.
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Definition 2.36. [11] Let X be a normed space, {z,} € X and f : X —
(—00,00]. Then f is said to be

1) lower semicontinuous on X if for any zo € X,
f(xo) < liminf, . f(z,) whenever z, — x.

2) upper semi (or hemi) continuous on X if for any zy € X,
limsup,,_, f(z,) < f(zo) whenever x,, — xq.

3) weakly lower semicontinuous on X if for any = € X,
f(zo) < liminf, . f(z,) whenever x, — x.

4) weakly upper semicontinuous on X if for any xy € X,

limsup,,_,, f(z,) < f(zo) whenever x,, — zo.

Definition 2.37. [10] Let X be a normed space. A mapping T': X — X is said

to be Lipschitzian if there exists a constant k£ > 0 such that for all z,y € X,
[Tz — Ty < kllz—yl|. (2.4)

The smallest number & for which (2.4) holds is called the Lipschitz constant of T

and T is called a contraction (nonexpansive mapping) if k € (0,1) (k=1).

Definition 2.38. [10] An element x € X is said to be
1) a fized point of a mapping T : X — X provided Tz = x.
2) a common fized point of two mappings S, 7 : X — X
provided Sz =« = T'z. The set of all fixed points of 7" is denoted by F(T').

Theorem 2.39. (Banach contraction principle, [10]) Every contraction mapping

T defined on a Banach space X into itself has a unique fized point x* € X.

Definition 2.40. [10] Let X be a normed space. Then the set of all bounded linear

functionals on X is called a dual space of X and is denoted by X*.

Definition 2.41. [10] A normed space X is said to be reflezive if the canonical
mapping G : X — X** (i.e. G(x) = g, for all x € X where g,(f) = f(z) for all

f € X*) is surjective.
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Definition 2.42. [11] A Banach space X is said to be strictly convez if ||*32|| < 1

for all z,y € X with ||z|| = |jy|| =1 and z # y

Definition 2.43. [12] A Banach space X is said to be uniformly convex if for each
0 < & < 2, there is 0 > 0 such that Vz,y € X, the condition |z|| = ||y|| = 1, and

|z — y| > e imply |52 < 1—0.

Theorem 2.44. [12] Let X be a Banach space. Then X is uniformly convex if and
only if §(¢) > 0 for all € € (0, 2].

Definition 2.45. [11] Let X be a Banach space and S = {x € X : ||z| = 1}.

Then X is said to be smooth if the limit

t F
L+t~ o]

t—0 t

(2.5)

exists for all x,y € S. It is also said to be uniformly smooth if the limit (2.5) is

attained uniformly for z,y € S.

Remark 2.46. [11] 1) X is uniformly convex if and only if X* is uniformly smooth.

2) X is smooth if and only if X* is strictly convex.

Definition 2.47. [11] Let X* be dual space of a Banach space X. The mapping
J : X — X* defined by

J(z) ={z* € X : (z",2) = ||a|* = ||]a"|*}, for all z € X,
is called the duality mapping of X.

Lemma 2.48. [11] Let X be a strictly convex, smooth, and reflexive Banach space,
and let J be the duality mapping from X into X*. Then J=' is also single-valued,

one-to-one, and surjective, and it is the duality mapping from X* into X.

Lemma 2.49. [13] Let X be a reflexive Banach space and X* be strictly convez.

(i) The duality mapping J : X — X* is single-valued, surjective and bounded.
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(i) If X and X* are locally uniformly convezx, then J is a homeomorphism, that

is, J and J~1 are continuous single-valued mappings.

Definition 2.50. [14] Let p be a fixed real number with p > 1. A Banach space X
is said to be p-uniformly convez if there exists a constant ¢ > 0 such that d(g) > ce?

for all € € (0, 2].

Definition 2.51. [11] For each p > 1, the generalized duality mapping J, : X —
2X" is defined by

Jp(x) = {z* € X*: (z,2") = ||=|]?, [|=*]| = [|=|P~"} (2.6)
for all z € X.

Remark 2.52. [11] 1) J = J, is called the normalized duality mapping. If X is a
Hilbert space (the next section), then J = I, where I is the identity mapping.
2) If X is uniformly smooth, then J is uniformly norm-to-norm

continuous on each bounded subset of £.

Definition 2.53. [11] Let S(E) = {x € E : ||z|| = 1} denote the unit sphere of a

Banach space E. A Banach space F is said to have

a Gateaux differentiable norm (we also say that E is smooth), if the limit

t —
ety = e

t—0 t

(2.7)
exists for each z,y € S(F);

o a uniformly Gateauz differentiable norm , if for each y in S(E), the limit (2.7)

is uniformly attained for x € S(FE);

e a Fréchet differentiable norm, if for each x € S(E), the limit (2.7) is attained

uniformly for y € S(E);

e a uniformly Fréchet differentiable norm (we also say that E is uniformly

smooth), if the limit (2.7) is attained uniformly for (z,y) € S(E) x S(E).
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Definition 2.54. [11] A Banach space F is said to have Kadec-Klee property if a

sequence {x,} of E satisfying that xz, = z € E and ||z,|| — ||z]|, then z,, — =.

It is known that if E is uniformly convex, then E has the Kadec-Klee prop-

erty.

Definition 2.55. [15] Let X be a smooth Banach space. The function ¢ : X X
X — R is defined by

o(z,y) = [lz]|* = 2(z, Jy) + lly|I® (2.8)
for all z,y € X.
Remark 2.56. (1) ([lyll = llzl])* < o(y,2) < (Jyll + |=[))?, for all z,y € X.

(2) o(x,y) = d(x,2) + d(2,y) +2(x — 2z, Jz — Jy), for all z,y,z € X.

(3) ¢(x,y) = (x, Jo = Jy) + (y — x, Jy) < [lz|[|Jz = Jy| + ly — =[l[[y], for all
z,y € X.

(4) In a Hilbert space H, we have ¢(z,y) = ||z — y||* for all x,y € H.

Definition 2.57. [16] Let C' be a nonempty closed convex subset of a smooth,
strictly convex, and reflexive Banach space X, for any « € X, there exists a point
xo € C such that ¢(xp,x) = mingeo ¢(y, ). The mapping Il : X — C defined
by ez = xq is called the generalized projection.

The following are well-known results.

Lemma 2.58. [17] Let E be a reflezive, strictly convex and smooth Banach space,

let C' be a nonempty closed convex subset of E and let x € E. Then

¢(yaHCl‘) N QS(HCZ'?:E) < ¢(y,l’)

forally € C.
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Lemma 2.59. [16] Let C' be a nonempty closed convex subset of a smooth Banach
space X, let x € X, and let xy € C. Then, xo = Hex if and only if (xo —y, Jxr —
Jxg) =0 forally € C.

Lemma 2.60. [!] Let C' be a nonempty, closed and convex subset of a Hilbert
space H and let T : C — C be a firmly nonexpansive mapping with F(T') # 0.
Then (x — Tx,Tx — z) > 0 for all x € C and z € F(T).

Lemma 2.61. [65] Let T*z = Ta—\uf(Tx), where T : H — H is a nonexpansive
mapping from H into itself and f is an n-strongly monotone and k-Lipschitzian
mapping from H into dtself. If 0 < X < 1 and 0 < pu < 2n/k?, then T* is a

contraction and satisfies

1T = Tyl < (1= A7)llz —yll, Vo,y€ H, (2.9)

where 7 =1— /1 — pu(2n — pk?).

Lemma 2.62. [18] Let {a,}, {b,} and d,, be sequences of nonnegative real numbers

satisfying the inequality,
a1 < (1 =96,)an+0b,, n>1

If Y>> 10, <00 and ) b, < oo, then lim,, . a, exists. If in addition, {a,}

has a subsequence which converges strongly to zero, then lim,,__ . a, — 0.

Lemma 2.63. [51] Suppose E is a uniformly convex Banach space and 0 < p <
tn < q < 1 for all positive integers m. Also suppose that {x,} and {y,} are
two sequence of E such that limsup,__, . ||z,|| < r, imsup,_, . ||yal| < 7 and

limy, oo [[tn@n + (1 =t,)ynl| = r hold for somer > 0. Thenlim, . ||z, —ys| = 0.

Lemma 2.64. [13] Let C' be a nonempty closed convex subset of a real Hilbert
space H and T a nonexpansive mapping from C' into itself. If T has a fixed point,
then I — T is demiclosed at zero, where I is the identity mapping of H, that is,
whenever {z,,} is a sequence in C' weakly converging to some x € C' and the sequence

{(I =T)x,} strongly converges to some y, it follows that (I —T)x = y.
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Lemma 2.65. [l 1] Let C' be a nonempty closed convex subset of H. Let F :
C x C — R be a bifunction satisfying (A1)-(A4) and let ¢ : C — R be a lower
semicontinuous and convexr function. For r > 0 and x € H, define a mapping

T, : H— C as follows:

T.(x)={2€C:F(z,y)+oy) —¢(z) + %(y— z,z—x) >0, Yy € C},

for all x € H. Assume that either (B1) or (B2) holds. Then, the following conclu-

stons hold:

1. For each x € H,T,(x) # 0.

2. T, is single-valued;

3. T, is firmly nonexpansive, i.e., for any x,y € H, |T,x — Ty||* < (T,x —
Ty, —y);

4. F(T,) = MEP(F, ¢).

5. MEP(F, ) is closed and convex.

A Banach space F is said to satisfy Opial’s condition if for any sequence
{z,} in E, z, — x(n — oo) implies

limsup ||z, — z|| < limsup ||z, — y||,Yy € E with x #y.

n—oo n—oo

By [14, Theorem 1], it is well known that if £ admits a weakly sequentially con-

tinuous duality mapping, then F satisfies Opial’s condition, and F is smooth.
We need the following lemmas for proving our main results.

Proposition 2.66. ([71]) Let E be a smooth banach space and let C be a nonempty
subset of E. Let ) : E — C be a retraction and let J be the normalized duality
mapping on E. Then the following are equivalent:

(i) @ is sunny and nonexpansive;



16

(ii) |Qz — Qy|* < (z — y, J(Qz — Qy)),Vz,y € E;
(i17) (x — Qz, J(y — Qx)) <0,Vx € E,y € C.
If J, is the generalized duality mapping on E then (x — Qx, J,(y — Qx)) < 0,Vx €

E y € C is equivalent to this Proposition (see [5)]).

Proposition 2.67. ([12, 29, 20]) Let C be a nonempty closed convex subset of a
uniformly convex and uniformly smooth Banach space E and let T be a nonexpansive
mapping of C into itself with F(T) # (). Then the set F(T) is a sunny nonexpansive

retract of C.

Lemma 2.68. ([3]) Let C' be a nonempty closed convex subset of a smooth Banach
space E. Let Q¢ be a sunny nonexpansive retraction from E onto C' and let A be

an accretive operator of C into E. Then, for all A > 0,
VI(C, A) = F(QU — A\A)),
where VI(C,A) = {z* € C: (Az*, J(z — 2*)) > 0,Vz € C}.

Lemma 2.69. ([6])Let C' be a nonempty bounded closed convexr subset of a uni-
formly convex Banach space E and T : C' — C' be a nonexpansive mapping. If {x,}
1s a sequence of C' such that x, — x and z, — Tz, — 0 then x is a fized point of

/A

Lemma 2.70. ([63]) Let r > 0 and let E be a uniformly convexr Banach space.
Then, there exists a continuous, strictly increasing and convex function g : [0, 00) —

0, 00) with g(0) =0 such that
1Az + (1 = Nyll* < Mal® + @ = Vllyl* = A1 = Ng(llz —ylI)
forallz,y € B, :={2€ E:||z]| <r} and 0 < A < 1.

Lemma 2.71. ([27]) Let E be a real smooth and uniformly convexr Banach space
and let v > 0. Then there ewxists a strictly increasing, continuous and convex

function g : [0,2r] — R such that g(0) =0 and

gllz = yll) < ll=l* = 2{z, Jy) + ly|*, Yo,y € By,
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where B, = {z € E : ||z|| < r}.

Lemma 2.72. ([03]) Let E be a real qg-uniformly smooth Banach space, then there

exists a constant c, > 0 such that
[+ yll* < 2ll* +a(y: Jo(2)) + cllyll*, Vo, y € E.

In particular, if E s real 2-uniformly smooth Banach space, then there exists a best

smooth constant K > 0 such that
4+ yl|* < [zl + 2(y, J(2)) + 2K ||y||*,Vz,y € E.

Lemma 2.73. ([38]) Let E be a real Banach space and J : E — 2F be the

normalized duality mapping. Then, for any x,y € E, we have
lz +yl* < llz)l* +2(y, j(z +y))
for all j(x +vy) € J(x +y) with x # y.

Lemma 2.74. ([57]) Let {x,} and {y,} be bounded sequences in a Banach space
X and let {3,} be a sequence in [0,1] with 0 < liminf,,_, - 3, < limsup,,_, ., G, < 1.
Suppose xn 11 = (1 — Bp)yn + Buxyn for all integers n > 0 and limsup,, o (||Yns+1 —

Ynll = |Tni1 — xal]) < 0. Then, lim, oo ||y — zn|| = 0.

Lemma 2.75. ([04]) Assume {a,} is a sequence of nonnegative real numbers such
that

An41 S (]- T an)an T, 5na n Z 0

where {ay,} is a sequence in (0,1) and {3, } is a sequence in R such that

(1) 2=y an = 0

2) limsup, .. 2= <0 or Y% |6,] < 0.
n—o0 q, n=1

Then lim,,__,. a, = 0.
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Lemma 2.76. ([52, 56]) Let C be a nonempty, closed and convex subset of a

real q-uniformly smooth Banach space E, Ly : C — E be a k-Lipschitzian and

)

n-strongly accretive operator with constants k,n > 0 and let 0 < p < (-2 )q%l

cqk1

T =u(n— @), then fort € (0, min{1, %}), the mapping S : C — E defined by

S := (I —tuls) is a contraction with a constant 1 — tT.

Lemma 2.77. ([55]) Let C be a nonempty, closed and convex subset of a real
reflexive and q-uniformly smooth Banach space E which admits a weakly sequentially
continuous generalized duality mapping J, from E into E*. Let Q¢ be a sunny
nonexpansive retraction from E onto C,V : C — E a k-Lipschitzian and n-strongly
accretive operator with constants k, n > 0. Suppose f : C'— E is a L-Lipschitzian
mapping with constant L > 0 and T : C' — C' a nonexpansive mapping such that
F(T)#0. Let 0 < p < (C;’%)q%l and 0 < ~yL < 7 where T = pu(n — W) Then
{z:} defined by x; = Qcltyfry + (I — tuV)Txy] converges strongly to some point

x* € F(T) ast — 0, which is the unique solution of the variational inequality:
(vfz* — pVz*, J(p— z¥)) < 0,¥p € F(T).

Lemma 2.78. ([55]) Let C be a closed convex subset of a smooth Banach space E.
Let C be a nonempty subset of C'. Let Q) : C' — C be a retraction and let J, Jq be
the normalized duality mapping and generalized duality mapping on E, respectively.
Then the following are equivalent:

(i) Q is sunny and nonexpansive;

(i) |Qr — QylI* < (v —y, J(Qr — Qy)),Vz,y € E;

(iii) (x — Qz, J(y — Qz)) <0,V € O,y € C;

(iv) (z = Qz, J,(y — Qz)) < 0,Vz € C,y € C.

Lemma 2.79. ([16]) Let ¢ > 1. Then the following inequality holds:

1k -1
abg—a‘“rq
q q

g
=

for arbitrary positive real numbers a,b.



CHAPTER III

METHODS

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. A
mapping 7' : H — H is said to be nonexpansive if |7z — Ty|| < ||z — y|| for any
x,y € H. A mapping f : H — H is said to be n-strongly monotone if there exists
constant > 0 such that (fz — fy,x—vy) > n||x —y||* for any z,y € H. A mapping
f+ H — H is said to be k-Lipschitzian if there exists a constant £ > 0 such that

Ifz = fyll < kllz —y]| for any 2,y € H.

Let D be a subset of a Hilbert space H. Recall that two mappings S, T :
D — D are said to satisfy condition (A’) which is given in [39] if there exists
a nondecreasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0 for all
r € (0,00) such that (1/2)(||z — Tx|| + ||z — Sz|) > f(d(z, f)) for all z € D, where
d(z,F) = inf{||lx —2*|| : 2* € F = F(T) N F(S)}. We modify this condition for

three mappings S, T, K : C' — (' as follows:

Three mappings S, T, K : C — C where C a subset of H, are said to
satisfy condition (A”) if there exists a nondecreasing function f : [0,00) — [0, 00)
with f(0) =0, f(r) > 0 for all € (0,00) such that (1/3)(||z — Tz|| + ||z — S| +
|z — Kz||) > f(d(x, f)) for all z € C, where d(z, F') = inf{||jz —a*| : 2* € F' =
F(T)Nn F(S)N F(K)}. Note that condition (A”) reduces to condition (A’) when
K= Se

Let f: H — H be a nonlinear mapping and C' a nonempty closed convex
subset of H. The variational inequality problem with a mapping f on C (VI(C, f)

in short) is formulated as finding a point u* € C such that

(f(u"),v—u") >0, Vved. (2.10)
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The variational inequalities were initially studied by Kinderlehrer and Stampacchia
[11], and ever since have been widely studied. It is well known that the VI(C, f)

is equivalent to the fixed point equation
u* = Po(u* — pf(u®)), (2.11)

where Pg is the projection from H onto C' and p is an arbitrarily fixed constant.
In fact, when f is an n-strongly monotone and Lipschitzian mapping on C' and
i > 0 small enough, then the mapping defined by the right hand side of (2.11) is

a contraction.

For reducing the complexity of computation caused by the projection Pg,
Yamada [05] proposed an iteration method to solve the variational inequalities

VI(C, f). For arbitrary u € H,
Uny1 = Tup — )‘nJrIUf(T(un))a n =0, (2'12>

where T' is a nonexpansive mapping from H into itself, C' is the fixed point set
of T, f is an n-strongly monotone and k-Lipschitzian mapping on K, {\,} is a
real sequence in [0, 1), and 0 < pu < 2n/k*. Then Yamada [65] proved that {u,}
converges strongly to the unique solution of the VI(C, f) as {\,} satisfies the

following conditions:
o Wi VLN S0
2075, > AW\S\00;
3. limy—oo(An — Ant1) /A2, = 0.
Based on the idea of iterative process (2.12), recently, Wang [60] discussed
the more general Mann iterative scheme as follows: Let H be a Hilbert space,

T : H — H a nonexpansive mapping with F(T) := {x € H,Tx = z} # 0,

and f : H — H an n-strongly monotone and k-Lipschitzian mapping. For any
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xg € H, {x,} is defined by
Tpa1 = Ty + (1 — an)T’\"“xn, Vn >0, (2.13)
where
T = Tx — \uf(Tx), Vo€ H, (2.14)

where {a,} C (0,1) and {\,} C [0,1) with some suitable conditions. Then the
sequence {x, } is shown to converge strongly to a fixed point of T', and the necessary
and sufficient conditions that {z,} converges strongly to a fixed point of T" are

obtained.

Theorem I [19]. If C'is a compact convex subset of a Hilbert space H,T : C' — C
is a Lipschitzian pseudo-contractive mapping. For xg € C, define the sequence {x,, }

iteratively by

Tor1 = (1—an)zn+ Ty, Yn>0, (2.15)

where {a,},{0,} are sequences of positive numbers satisfying the conditions

() 0L, <6, <1

(iif) Y- anf, = 00.

Then the sequence {x,} defined by (2.15) converges strongly to a fixed point of T'.

Let ¢ : C — R be a real-valued function and F' : C' x C' — R be an
equilibrium bifunction, i.e., F(u,u) = 0 for each v € C'. The mixed equilibrium

problem (for short, M EP) is to find 2* € C such that

MEP : F(z*,y) + ¢(y) — ¢(z*) > 0,Vy € C. (2.16)
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The set of solutions for the problem M EP (2.16) is denoted by M EP(F, p).
Special cases.

(1) If ¢ =0, then MEP (2.16) reduces to the following classical equilibrium
problem (for short, EP):

Finding z* € C such that F(z*,y) > 0,Vy € C. (2.17)
The set of solutions for the problem EP (2.17) is denoted by EP(F).

(2) If p =0 and F(x,y) = (Az,y—z) for all x,y € C, where A is a mapping
from C into H, then MEP (2.16) reduces to the following classical variational

inequality problem (for short VIP):
Finding z* € C such that (Az*,y — z*) > 0,Vy € C. (2.18)
The set of solutions for the problem VIP (2.18) is denoted by VI(C, A).
(3) If FF =0, then MEP (2.16) becomes the following minimize problem:
Finding z* € C such that ¢(y) — p(z*) > 0,Vy € C. (2.19)
The set of solutions for the problem (2.19) is denoted by Argmin(yp).

The problem (2.16) is very general in the sense that it includes, as special
cases, fixed point problems, optimization problems, variational inequality problems,
Nash equilibrium problems, the equilibrium problems and others; see, e.g., [5, 7, 40]

and the reference therein.

For solving the mixed equilibrium problem for an equilibrium bifunction

F:.C x C — R, let us assume that F satisfies the following conditions:

(A1) F(z,z) =0 for all x € C;

(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for any =,y € C;
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(A3) For each y € C, x — F(x,y) is weakly upper semicontinuous;
(A4) For each z € C, y — F(x,y) is convex;
(Ab) For each z € C, y — F(x,y) is lower semicontinuous;

(B1) For each z € H and r > 0, there exist a bounded subset D, C C' and y, € C

such that, for any z € C\D,

F(z, 1)+ 0l0a) = 9(2) + o — 2,2 = 2) <0

(B2) C is a bounded set.

In this research, motivated and inspired by the above facts, we introduce
a new iterative scheme for finding a common element of the set of fixed points
of three nonexpansive mappings, and the set of solutions of a mixed equilibrium
problem in a real Hilbert space. Strong convergence results are derived under

suitable conditions in a real Hilbert space.

According to our framework throughout this research, we first preview some

definitions involving a Banach space E as follows. Let U = {x € E : ||z| = 1}.

e F is said to be uniformly conver if, for any € € (0, 2], there exists 6 > 0 such
that, for any z,y € U, ||z — y|| > € implies || 2| <1 —4.
It is known that a uniformly convex Banach space is reflexive and strictly

convex.

w exists for all z,y € U.

e F is said to be smooth if lim;_,
It is also said to be uniformly smooth if the limit is attained uniformly for all

x,y € U. The modulus of smoothness of F is defined by

1
p(r) = sup {5 (Il +yll + o —yl) —1: 7,y € B, | = L, llyll = 7},



24

where p : [0,00) — [0, 00) is a function.

It is known that E is uniformly smooth if and only if lim, . @ =0.

e F is said to be g-uniformly smooth if there exists a constant ¢ > 0 such that

p(7) < er? for all 7 > 0 where ¢ is a fixed real number with 1 < ¢ < 2.

Let E be a real Banach space and E* be the dual space of E with norm || - ||
and (-,-) pairing between E and E*. For q > 1, the generalized duality mapping
J, : E — 2" is defined by

Jo(x) ={f € E" : {z, f) = |=||% I fIl = ll=]|"""}

for all x € E. In particular, if ¢ = 2, the mapping J, is called the normalized
duality mapping and written by Jo = J as usual. Further, we have the following
properties of the generalized duality mapping J,:

(i) J,(z) = ||z]|92J2(z) for all z € F with x # 0;

(ii) J,(tz) =t J,(x) for all z € F and t € [0, 00);

(iii) Jy(—2z) = —J,4(z) for all z € E.

Certainly, if £ is smooth, then J, is single-valued and can be written by j, (see

also [10, 53]).

Let C be a nonempty closed convex subset of a real Banach space E. Recall
that a mapping A : C' — (' is said to be
(i) Lipschitzian with Lipschitz constant L > 0 if || Az — Ay|| < L||lz—yl|, Vz,y € C;

(i) nonexpansive if ||Ax — Ay|| < ||lx — y||, Vz,y € C.

An operator A : C' — FE is said to be

(i) accretive if there exists j,(x —y) € J,(z — y) such that
(Ax — Ay, jo(x —y)) >0, Vz,y e C;
ii) B-strongly accretive if for any § > 0 there exists j,(x —y) € J,(z —y) such that
q q

(Ax — Ay, jo(x —y)) > Bllz —y||?, Vz,y € C;
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(ili) B-inverse strongly accretive if, for any 3 > 0 there exists j, (v —y) € J,(z —y),

(Az — Ay, j,(x —y)) > B||Az — Ay||?, Vax,y e C.

Let D be a subset of C' and @) : C' — D. Then @ is said to be sunny if
Q(Qz +t(z — Qx)) = Qz, whenever Qx + t(x — Qx) € C for x € C and t > 0. A
subset D of C'is said to be a sunny nonezrpansive retract of C'if there exists a sunny
nonexpansive retraction ) of C' onto D (see [51, 12, 29]). A mapping Q : C' — C
is called a retraction if Q* = Q. If a mapping @ : C — C is a retraction, then

@z = z for all z are in the range of Q).
A family S = {S(s) : 0 < s < oo} of mappings of C' into itself is called a

nonexpansive semigroup on C' if it satisfies the following conditions:

(i) S(0)x =z for all z € C

(i) S(s+1t)=5(s)S(t) for all s,t > 0;

(iii) ||S(s)x — S(s)y|l < ||l — y|| for all z,y € C and s > 0;

(iv) for each z € C, the mapping S(-)z from [0, 00) into C' is continuous.
Let F(S) stands for the common fixed point set of the semigroup S, i.e., F/(S) =

{z € C:S(s)xr =x,Vs > 0}. It is easy to see that F(S) is closed and convex (see

also [30, 31, 61, 15]).

In 1969, Takahashi [58] proved the first fixed point theorem for a noncom-
mutative semigroup of nonexpansive mappings which generalizes De Marr’s [11]
fixed point theorem. For works related to semigroups of nonexpansive, asymptot-
ically nonexpansive, and asymptotically nonexpansive type related to reversibility
of a semigroup, we refer the reader to [18, 23, 37, 32, 33, 34, 35, 36, 59, 1, 16, 20].

In 2007, Lau et al. [35] introduced the following Mann’s explicit iteration process;

Tny1 = QnT + (1 - an)T(/Ln)xm Vn > 1,
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for a semigroup § = {T'(s) : s € S} of nonexpansive mappings on a compact convex
subset C' of a smooth and strictly convex Banach space. In 2012, Wangkeeree and

Preechasilp [62] introduced the iterative scheme:

p
33'160,

Yn = QpTp + (]- - an)T(tn)Zn7

Tpy1 = ﬁnf(xn) =5 (1 - ﬁn)yn: n 2 0.

\
They proved the strong convergence theorems by using a nonexpansive semigroup

in Banach spaces.

In 2006, Aoyama et al. [3] proved a weak convergence theorem in Banach

spaces by using the iterative algorithm as the following

ZE1:ZEEO,

Tnt1 = Ty + (1 — o) Qo(xy, — A\yAx,),

for all n > 1. They solved the generalized variational inequality problem for finding
a point z € C such that
(Az, J(y — ) = 0 (2.20)

for all y € C. The solution set of (2.20) is denoted by VI(C,A). Variational
inequality has become a rich of inspiration in pure and applied mathematics. Re-
cently, classical variational inequality problems have been extended and generalized
to study a large variety of problems arising in structural analysis, economics, op-
timization, operations research and engineering sciences and have witnessed an

explosive growth in theoretical advances, algorithmic development, etc; see e.g.

[3, 9, 21].

In 2013, Song and Ceng [55] proved a strong convergence theorem in a
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g-uniformly smooth Banach space as the following:

;

x| € C,
zn = Qc(x, — 0Bxy,),
kn = Qc(zn — ANAzy,), (2.21)

Yn = ﬁnkn + (1 - Oén)xm
Tni1 = QclanyfTn + Yxn + (1 —v0) — anuV)Thy,],n > 0.

\
They introduced a general iterative algorithm for finding a common element of the
set of common fixed points of an infinite family of nonexpansive mappings and the

solution set of systems of variational inequalities.

Motivated and inspired by Wangkeeree and Preechasilp [62] and Song and
Ceng [55]. In this paper, we introduce a new iterative scheme for finding common
solutions of a variational inequality for an inverse-strongly accretive mapping and
the solutions of a fixed point problem for a nonexpansive semigroup by using the
modified Mann iterative method. We shall prove the strong convergence theorem in
a g-uniformly smooth Banach spaces under some parameters controlling conditions.
Our results extend and improve the recent results of Aoyama et al. [3], Wangkeeree

and Preechasilp [62], Song and Ceng [55] and other authors.



CHAPTER IV

MAIN RESULTS

Strong convergence theorem

Theorem 3.80. Let H be a real Hilbert space, T,S, K : H — H a nonexpansive
mapping satisfy the condition (A") with Q := F(T)NF(S)NF(K)NMEP(F, ) # 0.
Let f : H — H an ng-strongly monotone and kg-Lipschitzian mapping, g : H —
H an ng-strongly monotone and ky-Lipschitzian mapping, h : H — H an ny,-

strongly monotone and ky,-Lipschitzian mapping. For any xo € H, {z,} is defined

by
( 2\ SNC Ty, s, Cn ) KET AL,
Yn = by + (1 — by) S 2y, (3:22)
| T+l = Ao + (1-— an)T;‘"“yn, Vn > 0,
where

T;‘"“x = Tr— Apapsf(Tz), Vze H,
Sfnz = St — Bup,g(Sx), Vz € H, (3.23)

Kyrx = Kz —ayuh(Kz), Vo€ H,

and {a,} C (0,1), {b,} C (0,1), {en} C (0,1) and {N\,} C [0,1), {B.} C [0,1),
{a,} € [0,1), {r,} C (0,00) satisfying the following conditions:

(i) a<a, < B, a<b,<pB, a<c, <p for somea, 3 € (0,1),

(it) D02 Ap <00, D02 By <00 and Y o ay < 00,
(ii) 0 < py < 2np/kF, 0 < pg < 2n,/k2 and 0 < py < 2n4/k3,

(i) liminf, . r, > 0.

Then {x,} converges strongly to a point x* € Q.
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Proof. We shall show that {x,} is bounded.

Take p € and let u,, = T). x,. So, we have
ltn = pll = T, 20 — ol < fln — pll- (3.24)
From Lemma 2.61, we have

1Sy 20 =l = 1Sy 20 — Sg"p + Sy — pll

< (1= Bum)llzn — 2l + Bastgllg(p)l], (3.25)

5" un = pll = K5 un — K" p + Kyp = p

< (1= onm)ljun = pll + cnpn|[ 2(p)]] (3.26)

and

X An An An
1Ty —pll = Ty — T p+T7" ' p — p|
Bn An An
< NTFyn — T 'pll + 1T p — pl|

< (1= 21 m)Yn — 2l + A1t 1 £ ()] (3.27)

where

Ty = 1—\/1 = g(2mg — pigk), T = 1—\/1 — g (2np — pekf), ™= 1—\/1 = bn (2 — pnk).-

It follows that

1K, —plIP < (1= anmn)’llun — plI* 4+ 2(1 — cwumi)anpun | ()|l wn — pl| + 247 | ()]
< Nun = plI* + 200 |h(P) | ||un — pll + 21| R(P)]1?, (3.28)
An
1T g =P < (1= Nea ) llgm — I + 20102 L F (D) N lym — Pl + X007 F (D)
< Ny = plI? + 2 ns17 | F D) Nlym — pll + A2 11631 F ()1 (3.29)
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By (3.24) and (3.26), we have

Izn = pll

It follows that

12 — pII*

IA

IN

IA

IN

IA

IN

len(zn —p) + (1 = ) (K" un = )|
CnllZn = pll + (1 = c)(1 = anmi)|[un — p||
+ (1 = cn)anpm|[h(p)]]

Cnllzn = pll + (1 = cn)(1 = ann)|lzn — p||
+ (1 = cn)anp|[h(p)]]

[en + (1= c) (1 — anmi)]llzn — Pl + (1 = cn)anpn || 2(p)]]-(3.30)

len(@n = p) + (1 = ) (K"t — p)]

eallan =PI+ (1 = o) 1K wn —

nllan = pIP + (1= &) [llun = B + 200 | A) 10 —
+aZui (w12

nlln = pII* + (1 = cu)Jtn = pII* + 200l (o)1 — P

+ oyl (p)]I*. (3.31)

From (3.25) and (3.30), we have

lyn — pll

IN

IN

IN

IN

IN

1br (@0 = p) + (1 = ba) (S5 20 = D)l
bnl|zn = pll + (1 = bn)(1 = Butg)llzn — Pl + (1 = ba) Burtgllg(p)l

bul|Zn = Pl (1, =-0n)(1 = BnTy) -(Cn + (1= cn)(1 — anh))||un — p|l

+(1 = cp)anpn|[A(D)|] + (1 = bn) Bupigllg(p)ll

ballzn = ol + (1= ba)(1 = Bazy) | (e + (1 = e0)(1 = @am)) 120 — p

(1= c)anpll @] + (0 = b2)Buitgla(0)]
b+ (1= b)(1 = Barg)en + (1= b)(1 = Bury) (1 = el —
+ (1= 00)(1 = cn)anpnl[(p)]| + (1 = bn) Bapyllg(p) |

|2 — DIl + cnpin]|L(D) || + Buttgllg(p)]]- (3.32)
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It follows that

||yn_p||2 ||bn(90n—p)+(1—bn)(5§”2n—p||2

< ballan — plI® + (1= 0a) 1S 20 — D) II?

< bllzn = pll* + (1= by) [Hzn = pl* + 2810l g (D)l 20 — Pl
+ﬁiu§||g(p)ll2]

< bpllwn = plP + (1= bo)llzn =PI + 2Bupglg@) |z — |

+ Bangllg ()] (3.33)
Substitute (3.30) into (3.25) to get
1S5 20 = pll < (1= Bary)|len + (1 = ) (1 = )]l — pll + (1 = c)anpy | (p)]
+ Brtigllg(p)|]
< (1= Batg)len + (1 = ) (1 = cmn)]l|zn — pll
+ (1= Ba7g) (1 = cn)npig||A(p) | + (1 = Bu7g) Burtgllg ()

< (1= Butg)lln = pll + anpigl[(D)]| + Bupigllg()]]- (3.34)

By (3.27), (3.30) and (3.32), we have

An
[Znt1r =Pl = Nan(zn —p) + (1 = an)(T7" yn — D)l

IN

An
aonn _pH = (1 1! an)HTf +1yn —p”

IN

an|zn — pll + (1 = an)(L = A1 7p)[yn — pIl + (1 = an) Anyapgl| £ (D)

IN

an|zn — pll + (1 = an)(1 = Anya7y) [len — pll + anpn[|A(P)]]

+ Buttgllg @)l + (1 = @) Ausaiigl| £ )]

IN

an|zn = pll + (1 = an)(1 = Apya7p) |20 — pl|
+ (1 = an) (1 = Auga7p)anpun || 2(P)
+ (1 = an)(1 = Ana75) Bupig 9 ()

+ (1 = an) gy [ f (D)

IN

[an + (1= an) (1 = Anamp)l |20 = pll + (1 = an)anpn||A(p)]]

+ (L = an)Buttgllg®)l| + (1 = an) Ayapis|| f(p) (3.35)
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|Zns1 =2l < 2 = 2l + anpin||R(D)]| 4 Buttgllg()]] + Ansrreell f(p)]].(3-36)

From Lemma 2.62 and the conditions: > 7 a, < 00,> " B, < 00,2 7 Ay <

00, it follows that lim,, . ||x, — p|| exists for each p € " and {z,} is bounded.

Suppose that
lim ||z, —p||=c¢ forsome ¢>0.
n—-aoo

From (3.32), we know that

lyn =2l < Nlon — 2l + anpnl|R(P)|| + Buttgllg(p)]]-

Taking lim sup on both the sides in above inequality, we have

limsup [|ly, —p|| < c.

n—:aoo

Furthermore, by (3.27), we have

lim sup || T, y, — p|| < c.

n—:aoo

Since lim,,_, || Zn1 — pl| = ¢, it follows that

An 1
2011 = pll = llan(@n = p) + (1 = @) (T3 yn = p)|| — ¢

as n — 00. Thus by Lemma 2.63, we have

1 )\n+1

lim ||z, —T;" " ya|l = 0.
Next, from (3.27), we consider

An An
lzn —pll < len = T3yl + 177" yn — 2

An
< Men =T ynll + lyn = 2l + Aprpag £ PN

which implies that

¢ < liminf ||y, — p|| < limsup ||y, — p|| < ¢,
n—aoo

n—=ao

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)



that is,
dim |ly, —pll = lm | (z —p) + (1= ba)(Sg" 20 — )]l = c.
From (3.34), we know that
1S5 20 = pll < llzn = pll + il D) + Buttgllg ()

which means

lim sup ||S§”Zn —pll <e
By Lemma 2.63, (3.42) and (3.43), we obtain

nli_r)noo ||Sgﬁ"zn — z,|| = 0.

Now, by (3.30), we have

lon =8l = lleat@n —p)+ (1= ca) (K3 s = 9)]
< len = pll + (1 = cn)ampn||R(p) |-
Taking lim sup on both the sides in above inequality, we have
limsup ||z, — p|| < e

Next, from (3.25) and (3.44), we consider

lzn =PIl < Nz — S 2all + 155720 — pll

IN

|z = S5zl + 120 = pll + Buptglg(@)1,

which implies that

¢ < liminf ||z, — p|| < limsup ||z, — p|| < ¢,
n—maoo

n—-oo

1.e.

nhi}nm |2 — pl| = nlinoo len(zn —p) + (1 = ) (KR up — p)|| = c.

33

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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From (3.26), we know that

K = pll < |lzn — pll + anpnl|2(p) |
which means

limsup | K;"u, —p| < c. (3.49)

n—-auoQo

By Lemma 2.63, (3.48) and (3.49), we obtain

lim ||K}y"u, — x| = 0. (3.50)

T

We know that {x,} is bounded and {h(K(x,))} is bounded, thus form (3.50) it

follows that

[ = Kunl| < fln = K" un || 4 [|K5" un — K|l

IN

|20 — K™ Un | + cnpin||R(K (u,)) || — 0. (3.51)
From (3.50), we have
|za"=eHd|[\= (1 — cn)|| Kfp2un"~ 2| —0. (3.52)

Since {g(Sz,)} is bounded, by (3.44) and (3.52), it follows that

IN

1% .| Hg S Sf"ZnH ay H‘Sgnzn ~\ g2

IA

| = S5 2nll + 11820 = Sznll + Babigllg(S(zn))]

< lan = 87" zull + 120 = @all + Basgllg(S(za))ll — 0. (3.53)

On the other hand, in the light of Lemma 2.65 (iii) 7,,, is firmly nonexpansive, so

we have

l|tn _p|l2 = ||Vrnzn — Jrnp||2
<3 <Jrnxn — Jrnp> Tp — p) 3 <un — D, Tn — p>

1
= S llun =PI+ 2 = plI* = flon — uall®), (3.54)
which implies that

1 = plI* < llzw = Pl = llon — wall. (3.55)
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Form (3.29), (3.31), (3.33) and (3.55), we have

IN

An
nsr = pII* < anllen —plI* + @ = @) I3y — pl®

IN

anllzn = I+ (1= au) [l = 21 + 2011171 £ () 10 — P
A2 )P

anllzn = plI* + (1 = an)llyn — 2 + 220117 | F D)y — pll
+)‘2+1ﬂf||f( )H2

anllzn =PI+ (1 = @) [bullzn = plI? + (1 = bl —

+ 28l @) l120 = 2l + G212l 9(p) 2]

+ 20ty | Ol — pll + X217 0

an[@n = pII* + (1 = an)ballzn — plI* + (1 = ) llzn — pl”

IN

IN

IN

+2Baitgllg ()12 — pll + Brszglla(p)II?

+ 20117 [ F @) Ny = 2l + Anasif 1 f D)2

IN

|z = plI* + (1 = an)bnllzn — pl”

(1= an)(1 = b [enllan = pIF + (1 = cu)fun = I

o+ 20t (P | = pll + 022 11(0)]]

+ Dt | £ )l = Il + X210 (0 2

anllen = I + (1= an)ballen = I + (1 = a2)(1 = bu)ellzn — ol

+(1 = an)(1 = ba) (1 — co) lun — pl|*

IN

+ 20 n[|h(p) | lun — pll + e 1R (0)]1*

+ 201 1 F @) lym — Pl + X013 L ()11

[an + (1 = an)bn + (1 = a)(L = bp)en] 2 = pl®

+ (1= @)L =) = ) [ lan = pII* = llzn = ua?]
+ 20| 2 () N — pll + g pg 12 (0) I

+ 20115 L F D)y — 2l + Nagid L F D). (3.56)

IN
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It follows that

(1= an)(1 =b2)(1 = ca)llon —wall® < ll2n = plI* = 20s1 = pII?
+ 2000 [(p) [I[wn = pll + o iz |1 (p)]?

+ 22107 | F @) g — Pl + A2y pF L (p) |1

IN

120 = ngall (|20 = pll + 12041 — pll)

+ 200 i || () N[ = ol + it || 2(p) ||

+ 2 1171 F (D) 1y = pll

+ 0k )] (3.57)

By condition (ii), (3.37) and liminf,, (1 — a,)(1 — b,)(1 — ¢,) > 0, we obtain

lim ||z, —u,|| =0 (3.58)

By (3.51) and (3.58), we obtain
|20 — Ko < ||2n — Kun|l + | Kup — Kaa|
< |wn — Kug|| + |Jun — 24| — 0. (3.59)
Moreover, from (3.40) and (3.44), it follows that
|20 = Tl < (T2 — Tyl + 1T57 g — 2
— || T2n = [Ty = Anir g ST )l + 177 v —
An
< lwn = ynll + Anga e [f (T @)l + 1T Y — 20l
< (L= ba)llwn = 87 zll + Asrpas | F (T ()
+ | TPy — @l| — 0. (3.60)
From (3.37) if ¢ = 0, there is nothing to prove. Suppose ¢ > 0. By (3.60), we know
that im,, o || zn —Txy|| = lim, oo ||2n — K2y || = limy,— o |2, — Sz, || = 0. Since
T, S, K satisfy the condition (A”), then f(d(z,,Q)) < (1/3)(||zn — Tzn|| + |20 —
S|+ zn—Kx,||). By (3.51), (3.53) and (3.60), we have lim,,_,, f(d(zn,$2)) = 0.

Since f is a nondecreasing function and f(0) = 0, therefore

liminf d(z,, 2) = 0. (3.61)

n—-:uo0
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For any p € F', we get

IFI < W) = Fla)ll + 1 @a)ll < kpllzn = pll 4 [1f ()l (3.62)
L9 < Nlg(p) = g(@n) | + llg(@n) | < kgllzn = pll + [lg(a)ll, (3.63)
IR < [1A(p) = R(zn)l| + Azl < Knllzn = Pl + (1A ()|l (3.64)

Note the fact that there exist two positive constants M;, My, such that ||h(x,)| <
My, |lg(xn)|| < My and || f(z,)| < M;. From (3.36) and the above relations, it

follows that

[Zni1 =Dl < 2w = pll + anpinl|R(P)I| + Buttgllg()I| + Angrpesll £ (0)l
< (1 + O-/n;uhk:h + ﬁnugkg . /\n-‘rlp“fkf)”xn - p”

+ anpinlR(P) | + Buptglg@) Il + Angrpas |l .f ()l

IN

(1 + anpnkn + ﬁnﬂgkg ~x An+1ﬂfkf>l|xn = p”

+ anuhMl —+ ﬁn,ug]\/[g -+ )\n—i-l,UfM?)' (365)
Thus
d(anrlu Q) < (1+anﬂhkh+ﬁnugkg+)\n+1,ufkf)d(xrmF)+Oén,uhMl+ﬁn,ugM2+)\n+l,ufM3-

Since Y > o, < 00, Y 0 By < 00 and Y 0\, < o0, by (3.61), we know that

lim, .o d(z,, F) = 0. We now prove that {z,} is a Cauchy sequence.

Taking M = exp(D_ oo o(cuiptnkn+Bipghkg+Nip1prky)), for any e > 0, there ex-
ists positive integer N such that d(z,,I") < e/(2M) and > % \ (cpun My + Bipg Mo+
Niv1fipMs) < €/(2M) as n > N. Let p € I, for any n,m > N, it follows from
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(3.65) that

IN

2011 = Zmia] 21 = pll + [ Zmi2 — Pl

IN

(1 + anpinkn + Bupighy + Myrpipkp)||2n — pll + anpin My + Brpig Mo
+ Aoy Mz — (1 + aompinkn + Bintighy + Amy1pesky)||2m — p|

+ A ptn My + Bt Mo + A1ty M3
N

H(l + aiptnkn + Biptghy + Nivrpirkp)l|on — pll + anpin My + B pg Mo
i=1

IN

n—1

+ Ay M3 + Z(OéiuhM1 + BittgMa + Nipapip Ms) %
=N

LT U+ agpnkn + Bigky + Ajpapesky)
J=i+1

A H(1 + aipinkn + Biptgky + Nigapipky)l|lzn — pl| + coppn My
=N

m—1

+ BrttgMa + A prpg Ms + Z(aiHhMl + Biptg Mo + NipapupMs) x
i=N

I 0+ gk + Biugk + Ajapisks)
j=i+1

(e o]

< 2 eXp(Z(aithh + Bittgky + Ajrapsks))llzn — pll
i=N

+2 eXP(Z(aiuhkh + Bitgkg + Ajr1pisky))
i=N

X > (aipnMy + Biprg My + Niy1pip M3) (3.66)
=N

2

Thus

[Znt1 — Zmia || < 2M||lzn — pl| +2M Z(OéiﬂhMl + BiprgMa + N1y M),

i=N
which gives
|Zn11 — Tmpa|| < 2Md(xN, F) +2M Z(aiMhMl + Biptg My + Nip1pup Ms) < €.
i=N
This implies that {z,} is a Cauchy sequence. Therefore, there exists * € H such

that {x,} converges strongly to z*. It follows from ||z, — Tx,| — 0 and (I —T)
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being continuous that

I(I = T)(xn — ") — 0

as n — oo which implies z* = T'z*. Hence z* € F(T). By the same reasoning,
we have z* € F(S) and z* € F(K).
Finally, we prove that w € MEP(F, ).

By w, =T, x,, we know that

1
F(un, y) + o(y) + o(un) + T—(z/ — Up, U — T,) >0, VyeC.

n

It follows from (A2) that

1
o(y) + o(u,) + ;(y — Up, Up — Tp) > F(y,un), VyeC.

n

Hence,

Up,;, — Ty,

ng

n; —Tn,
2 5 ()
Tn,

It follows from (A4), (A5), and the weakly lower semicontinuity of ¢, =

and u,, — w that
F(y,w) + p(w) —p(y) <0, VyeC.

ForO<t<landye€ C,lety, =ty+ (1 —t)w. Since y € C and w € C, we obtain
y; € C and hence F(y;, w) + ¢(w) + ¢(y:) < 0. So by (A4) and the convexity of ¢,

we have

0 = Fye,yt) + oY) — o(ye)
tF(ys,y) + (1 = ) F (s, w) + tp(y) + (1 —t)p(w) — (v

< tF(y,y) + o(y) — ()]

IN

Dividing by t, we get

Fye, y) + ¢(y) — o(y:) > 0.
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Letting ¢ — 0, it follows from (A3) and the weakly lower semicontinuity of ¢ that

Fw,y) +¢(y) — o(w) >0,

for all y € C and hence w € MEP(F,p). It follows that * € Q. The proof is

completed O

Corollary 3.81. Let H be a real Hilbert space, T, S, K : H — H a nonexpansive
mapping satisfy the condition (A") with F(T)NF(S)NF(K) # 0. Let f: H— H
an ns-strongly monotone and kg-Lipschitzian mapping, g : H — H an n4-strongly
monotone and kq-Lipschitzian mapping, h : H — H an ny-strongly monotone and
ky,-Lipschitzian mapping. For any xo € H, {x,} is defined by

4
Zn = CnZn + (1= cp) K" 2,

Ghie bl AN, ) SoRE: (3.67)

| Tnt1 = nTn + (1-— an)T]Z\"“yn, Vn >0,

where

T;‘”“m = Tx— Aupsf(Tz), VzeH,
Sgna: LD W\ A (3.68)

Kirx = Kz'— dyuph(Kz), Ve H,

and {a,} C (0,1), {b,} C (0,1), {e.} C (0,1) and {N\,} C [0,1), {B.} C [0,1),

{an} C [0,1) satisfying the following conditions:

(1) a<a,<B,a<b, <f, a<c,<p forsomea, §c(0,1),
(it) D00 A <00, > o2 By <00 and Y o ap < 00,

(ii) 0 < pp < 2np/k%, 0 < pg < 2ny/k2 and 0 < py, < 20y, /kj.

Then {x,} converge strongly to a point x* € F(T)N F(S)N F(K).
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Proof. Put F(xz,y) =0 for all z,y € C, ¢ =0 and r, = 1 in Theorem 3.80. Thus,
we have T, x, = x,. Then the sequence {x,} generated in Corallary 3.81 converges

strongly to z* € F(T)N F(S)N F(K). O

Theorem 3.82. Let C' be a sunny nonezxpansive retract and nonempty closed con-
vexr subset of a q-uniformly smooth and uniformly convex Banach space E which
admits a weakly sequentially continuous generalized duality mapping J, : & — E*.
Let Q¢ be a sunny nonexpansive retraction from E onto C, A : C — E be an
B-inverse-strongly accretive operator, S = {S(s) : s > 0} be a nonexpansive semi-
group from C' into itself, L1 : C' — E be a L-Lipschitzian mapping with constant
L >0 and Ly : C'— FE be a k-Lipschitzian and n-strongly accretive operator with
constant k,n > 0. Assume {a,},{Bu}, {7}, {} C (0,1), {p.} C (0,00) such

that {\,} C [a,b] C (0,1), 0 < p < (- )ﬁ where ¢, is a positive real num-

cqki

ber, 0 < a < Ay < b < (2)77,0 <AL < 7 where 7 = p(n — <) and

F:=FS)NVI(C,A) #0. Let {x,} be the sequences defined by x1 € C and

Zn = QC(xn ~— )\nAxn>

which satisfy the following conditions:

(C1) lim,_ 0o, =0, >0 Jay = 00; and lim, o | y1 — an| = 0;

(C2) lim,, o |Ans1 — An| = 0,liminf, o A, > 0;

(C3) 0 < liminf, . 5, <limsup,_ .. Gn < 1;

(C4) lim,, o0 pin, = 0;

(C5) limp oo SUpP, i ||S (fns1) — S(pn)z|| = 0, C' bounded subset of C';

(C6) lim, oo [Ynr1 — Yu| = 0,0 < liminf, . v, < limsup,_, v, < 1.
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Then {z,} converges strongly to x* € F which also solves the following variational

inequality:

(vLyx™ — pLlox™, Jy(z — 2¥)) < 0,Vz € F. (3.70)

Proof. First of all, we prove that {x,} is bounded. Let p € Fand 0 < a < A\, <

b< (‘i—q)qfll, we have

[lzn = pl|

| VAN VAN | R VAN

IN

|Qc(xn — AAzy) — Qc(p — A Ap)||?

(I = AnA)zn — (I = A A)p|*

|(zn — p) — Au(Azy, — Ap) ||

|20 = pl|* — gAul Az — Ap, jo(zn — p)) + cgAR|| Az, — Apl|*
20 = pll? = aBnl| Az, — Apl|* + g XE|| Az, — Apl|

20 = pII? = Aa(g8 — cXH) || Ay, — Ap]|

|zn — p||*. (3.71)

Therefore ||z, — p|| < ||z, — p|| and I — A\, A is a nonexpansive where [ is an

identity mapping. By condition (C1), we may assume, without loss of generality,

that o, < min{a, 2} where 0 < a < liminf, (1 — ). From Lemma 2.76, we

conclude that |[(1 — v, )l — apuLls|| < (1 — v,) — ap7. Since 0 < vL < 7, we have

”xn-i-l _pH

IA

IA

18n(@n — p) + (1 = Ba)(S(1n)yn — D)l

Bullzn — pll + (1 = Bo)llyn — pl|

Ballzn — pll + (1 — 8,)||Qc [onyLaBn + ntn

(1 = )] = anpuLa)S(pin) 2] — p||

Ballzn = pll + (1 = B) (X = v) I — anpLa][S (1) 20 — p)

+an(yL1y, — piLap) + Yo (zn — )|
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< Ballzn —pll+ (1= Ba) (1 = v — anT)[[S(n) 20 — pl|
+(1 = Bu)anl[yLiw, — pLopll 4 (1 = o) yl|wn — 1|

< Ballzn —pll+ (1= Ba)(1 = — anT)[lzn — pl|
+(1 = Bn)any[|Lizn — Lip|| + (1 = Bn)an|[yLip — pLap||
+(1 = Ba)vnllzs — pll

< Ballzn — pll + 1 = Bu)llzn — pll = (1 = Bu)yallzn — p

—(1 = Bu)antllzn — pl| + (1 = Ba)anyLllzn — pl|

+(1 = Bn)anllvL1p — pLapll + (1 = Bu)vallzn — 1|
= |lzn = pll = (1 = Bu)anT|lz, — 1

+(1 = Bn)anyLllzy — pll + (1 = Bu)an|[vLip — pLap||
= lwn —pll = (1 = Bu)an(r — vL)|lzn — p||

|vLip — pLopl||
1— B,)ay, (T —~L .
+(1 = Bu)an(r — L) -

By induction, we conclude that

YLip — piLop
e~ pll < max {ljay = pll, L= EE2Py v 5

This implies that {z,} is bounded, so are {Az,}, {y.}, {S(n)yn}, {z.} and
{S(1n)2n}-

Next, we will show that lim, . ||Z,+1 — 2| = 0 and we observe that
”Zn+1 5 ZnH oY HQC(xn-i-l — )‘n-i-len-i-l) - QC(xn 7 )‘nAxn)H

< ||($n+1 —3 )\n—l—lAJ;n-l—l) — (xn > )‘nAIn)H

i ||<mn+1 — )\n—l—len—l-l) - (xn T )\n—i—len) p (/\n - /\n—&—l)ACEnH

IN

I = Ana A)zngs = (I = A Azl + [Angr = Anf[ Az, |

< znin =zl + Ay = Anf[[Azal]],
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15 (tnr1)znar = S(n)znll - < 1S (tns1) 20 — S(tnt1) 2l

||yn+1 - yn”

IA

IN

S (tns1)2n — S(pin) 2 |

IN

||Zn+1 - Zn” + ”S(Hn-i-l)zn - S(“n)an

IA

201 — Tull + [Ang1 — Aall| Az, ||

+ s?p} 1S (kns1)z — S(pn) 2|,
z€{zn

HQC [0 1YL Tnt1 + Ynt1Znta

+((1 = W) — ang1pLa) S (png1) Zns1]

—Qc [anyL1xy 4 Yan + (1 — )T — L) S (pin) 2] H
| [an 1Y La®nts + Yaga@nta

+((1 = )] — ang1pLn) S (png1) Znsa]

—anyL1@y + Yo 4+ (1 = )] — cnptLa) S (pn) 2] ||

| [otmr1 ¥ L1241 + Ynt1Znt

+((1 = Yy )T = an10L2) S (i 41) 2t 1]

—[envL1zy + Yntn + (1 = ¥ )T — anptLe)S(pn)zn)
tan17L1Tn — A 1Y L1Zn + Ynt1Zn — Ynt1%n

+((1 = Wm1)] — anp1pLe)S(pn)2n

Sl T S L 04n+1ML2)S(Mn)ZnH

A1V LiTnyr = Ln@al| + Ynra | Tnaa — 24|

+H [(1 = yog1)T — angaptLo] [S(pns1)2ns1 — S(ttn) 20 ] ||
Flanr — an[Y[| Litnl| + |ansr — an|pl[ L2S (pn) 20|

Va1 = Wl S (1n) 20 — o |
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< app1YLl|zntr — ool + Yt llTns —
H(1 =Yg = a1 7] 1S (Hng1) 2ng1 — S(n) 20|
+anp1 = o] [V Laznll + pll L2S (1) 2]
+|’Yn+1 - 7n|||S(Nn)Zn = an
< Oén+17LHxn+1 . xn” i 7n+1|’xn+1 - an
+[(1 = Yo = a1 7] (|01 — 2Zall + [Angs = Anl[| Az
+ sup [|S(pn+1)z — S(pn)z|]
ZE{Zn}
a1 — anl (Y Lozl + pll LS (pn) 20 ]
+|’7n+1 - 7n|||S(Mn)Zn - an
= [1 = o1 (7 = vD)]l|Tnt1 — 2|
(1 = )T = a1 7] [[Angr = Al Az
+ sup [|S(pns1)z — S(pa)zl]
ZE{Zn}
+lanir = anl [V Lawnll + pll L2S (1) 20 ]
- A LS (2 )|
< Hxn-i-l - In” + |)‘n+1 - )‘n|||Axn||
+ sup HS<:U’n+1)Z - S(/Jln)ZH
ZE{Zn}
Hetnss — ol Eaill + 125 i) 2]
V1 — WlllS(Ln)2n — 2l
S Hxn-i-l - .TnH " [lan-H L= O‘n‘ 1 "Yn-&-l - P)/nl x |>‘n+l - AnHM

+ Ry 15 (tnt1)z — S () 2|,
Z€E2n

where M = subysg {[[ Al 71yl + 1l ZaS ()2l 1S ()2 — 2all} < 00. Tt
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follows that

1S (ttns1)Ynt1 — S(n)ynll < [1S(tns1)Ynr1 — S(tns1)Ynll + 1S (s 1)yn — S (k) ynll
< Hyn-i-l -~ yn” + HS(Un-i-l)yn - S(/‘n)ynu
S ||:L‘n+1 "4 xn” + [lan-‘rl - an| + |/7n+1 - ’7n| + |)‘n+1 - )‘nHM

+ b 15 (tnt1)2z — S(pn) 2
ZE€E12n

+ sup [[S(tnt1)y — S(pn)yll- (3.72)

yE€{yn}

Form the condition (C1), (C2), (C5)-(C6) and 3.72, we have

lim sup (|(S(un+1)yn+1 — S(pn)ynll = l|1Tnt1 — xn”) <0.

n—oo

Applying Lemma 2.74, we obtain
nlLHOlO ||S<:un)yn 1 mn” = 0.

Therefore, we get

lim ||Zp41 — 2] =0. (3.73)

Next, we will show that lim, . ||z, — S(un)xs|| = 0, by the convexity of
|| - |7 for all ¢ > 1, Lemma 2.72 and (3.71), we have

Iy —pll? = Q¢ [anyLawn + Yatn + (1 — 1)L — anpiLs)S(pn)2n] — pl|*
|\ LA NE YNGR (S(:un)zn == p) + an('Ylen -~ PJL2S(PJn)Zn) Ik
S (A S g T (S(Mn)zn 7 p) Ik

+Q<an ('Vlen = MLQS(Mn)Zn)a Jq (Vn(xn 74 p)
SRS NG (S(Nn)zn - ])))>

Fegllom (YLaz, — pLoS () 2) |10
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< Ml = pl* 4 (1= )15 (1n) 20 — p]|*
+qon ||y Lizn — LS (1) 2|
X[y (@0 = p) + (1= 9) (S(pn) 20 — )77
g v Lizn — pLlaS(pn)2n ||
< Ml =Pl + (1 = w)llzn — pl|* + on My
< allen = Pl + (1= ) o = Pl = An(g8 — M) [ Az, — Ap|?]
+a, M,y
=l = BlIY = (1= 1) Mn(@B — M)Ay — Ap|l? + My
where

My = sup {QIlelxn — L2 S(pn) 20l n (@0 = p) + (1 = 70) (S(pn) zn — p) [

n>0

g0l VL1 = L2 (im)zall} < 0.

By the convexity of || - ||? for all ¢ > 1, we obtain

IN

Bullzn = plI* + (1 = Ba)lIS (1) yn — pl|*

Buallzn — pll + (1 = Bu)llyn — pl|*

Ballzn =Pl + (1 = Bn) [z — pl|?

—(1 = 1) Mn(gB — MY || Az — Ayl|? + M,

120 = Pl = (1 = Ba)(1 = )2 (@B — AT || Az — Ay]|?

‘|‘(1 . ﬁn)aan.

1 — plI*

IN

IN

By the fact that a” — b" < ra"'(a —b),Vr > 1, we get

(1= B)(1 = 1) An(@B — c AT | Az — Ayl

IN

[z = pI* = 2w = pl* + (1 = Ba)ondy

IN

gllzn = Pl Iz = pll = lZas = pll) + (1 = Ba)on M,

< gz, _p“q_l“wn — Tpga || + (1 = Bn)on M.
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From 0 <a <\, <b < (‘i—q)qfll, the conditions (C1)-(C3), (C6) and (3.73), we
conclude that

lim ||Az, — Ap| = 0. (3.74)

From Proposition 2.66 (ii) and Lemma 2.71, we also have

lzo = pl* = [1Qc(zn — MAwn) — Qclp — M Ap)|I?
< (@0 = MAzy) = (p— M Ap), J (20 — p))
= ((&n —p) = MlAzy — Ap), J (20 — D))
= (2, —p,J (2, — D)) — M(Az, — Ap, J (2, — D))

1
5[“1771 _pH2 s _p||2 || P Zn”] + Aol| Az, — Apll||2n — p||-

IN

So, we get
lza =2 < Nz =2l = gllzn — 20ll + 20l Azn — Apll[l2n = p]|-

By Lemma 2.73, it follows that

lyn —2lI? = 1Qc[omYLi@n + Yan + (1 — V)L — onptL2)S(pn)2a] — plI
< (@ —p) + (1 = %) (S(kn) 20 — p) + on (YL1Zn — pL2S (pn)2a) |12
< | a(@n =) + 1 = %) (S(kn)2n — p)|?
+200 (VL1 — (1L2S (1) 2, T (Yo (@n — P) + (1 = %) (S(ptn) 20 — D)
+ay, ('ylen — ,uLQS(,un)zn)»
< Yallzn — pII? + (1 = Ya)ll2e = 2l + 0 M3
< Yallwn =2l + (L =70 [0 = Bl = gllon — 2l
+20 A = Aplllzn = pl]| + 0 Mo
= lzn = pl* = (1 = w)gllzn = zall +2(1 — v) Al Azn — Aplll|z, — pl|
+a,, Mo,
where

My = sup {2<7L1$n — 1L S (ptn) Zny J (Y (20 — ) + (1 = 70) (S (tn) 20 — D)

+an (YL@, — uLQS(un)zn)»} < 0.
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We obtain
[Znir —pI* < Ballza —plI” + (1 = 8IS (1tn)yn — Il
< ﬁonn - pH2 =a (1 - ﬁn)Hyn - pH2
< Ballan — I + (1= Ba) [[ln — pIIP = (1 = 1) gllzn — 22l
+2(1 — ) Al Az — Apl||| 20 — Pl + v Ma]
= lzw —pIIP = (1 = Bo) (1 — n)gllzn — 2al|
+2(1 = Bn) (1 = ) Al Azn — Ap||l|2n — pll + (1 — Bn) o M.
Then we get

IA

= pII* = a1 — pII*

+2(1 — ﬁn)(l - 'Yn))‘n”Amn - ApHHZn _pH + (1 = Bn)anMs

(I =v)gllzn — 2|l

< llzn = znall(lzn — pll + 201 — pI)

12(1— B (1 = ) Aell A — Aplllzn — pll + (1 — Bu)oru My,
By the conditions (C1)-(C3), (C6), (3.73) and (3.74), we have
i (o — 2]) =0.
It follows from the property of g that

lim ||z, — 2. = 0. (3.75)

n—00
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Similar to the proof of (3.75), we start by using Lemma 2.70 and Lemma 2.73

[y — p||?

where

We obtain

|11 — plf?

IN I

IN

||7n(xn - p) + (1 = '771) (S(Mn>zn - p) H2

+205n<7[/117n - NL2S(Mn)Zm J('Yn(xn - p) + (1 - 'Vn> (S(Mn)

+a,, (f)/len y ,UL2S(UTL)Z”)) >

IN

Yallzn = pII* + (1 = ) 1S (1) 20 — pII*

~Yn(1 = ) g(||zn — S(tn)2al]) + an Mo

IN

’YnHIn —p||2 + (1 - Vn)||zn —p||2

_’Yn(l - ’Yn)g(Hxn — S(Un)ZnH) + an My

IA

Tolltn = plI? + (1 = )l — I
—Yn(1 = ) g(||zn — S(tn)2nl) + an Mo

= |lzo = pII” = (L — 1) g(|zn — S(ttn) 2all) + oMo,

sup {2<7L1xn — 1 LaS (pn) 2y J (Y (@n — D) + (1 — 1) (S(ptn)

+an(7L1xn — uLQS(un)zn))>} <geod

IA

Ballzn = pII* + (1 = Ba) 1S (tin)yn — plI?
Ballzn = pII* + (1 = Ba)llyn — pII”
Ballzn = plI* + (1 = Ba) [l — pII*

—¥n (1 — W) gl|zn — S(pn)zal]) + anMQ]

IN

IN

Qc [Oén”VLll'n + Ynn + (1 — )] — anuLZ)S(Mn)Zn} - p”2

[¥n(2n — p) + (1 = 1) (S(:un)zn - p) +an ('Ylen - ,UL2S(,Un)Zn) ”2

= pI* = (1 = Ba)yn(1 = a)g(ll2n — S(n)zall) + (1 = Ba)crn Mo.
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Then we get

(1= Ba) (X = Ya)g(llzn = S(un)zall) < llwn = pI* = lznss = plI* + (1 = Ba)an o

IA

< llan = ngall (e = pll + l2ns = pll)

+(1 = Bn)a, Ms.
By the conditions (C1),(C3),(C6) and (3.73), we have
Tim g({lzn — S(pn)zall) = 0.
It follows from the property of g that
Tim |z, — S (pn)za|| = 0. (3.76)

Since S(,,) is a nonexpansive and from the proof of Lemma 2.77, we get Q¢S (fin) 2, =

S(fn)zn, and observe that

Hyn " S(:un>zn||

= ||QcenyLi®n + Ynzn + (1 = 1) — aapLa)S(pn)zn] — S(pin) 2|
— Han ('Ylen - NLQS(MR)Zn) 4 7n(xn r S(Mn)zn) H

< op|lvLazn — pLoS(pn)znl| + YollTn — S(pn) 2zn|l-

It follows from the conditions (C1), (C6) and (3.76), we get

Tim |y = S(pn) 2l = 0. (3.77)
Since
[0 = S(pm)zall < Nl = S(in)2nll + (1S (kn) 20 = S (n )0l
< lzn = S(n)znll + 120 — 2all;
we have

lim ||z, — S(pn)z,|| = 0.
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Now, we show that z € F := F(S) N VI(C, A). We can choose a sequence
{zn, } of {z,} such that {z,,} is bounded and there exists a subsequence {xnk]}
of {x,,} which converges weakly to z. Without loss of generality, we can assume
that z,, — 2.
(I) First, we show that z € F(S). Let y,, > 0such that u,, — 0and W —
0,k — oo. Fix s > 0, we can notice that

[n, = S(5)2]

[s/kny]—1

> S (G + D) 2y, — S (i, ), |

=0

15/ i), — S (/1 1) 2|

+HS([S/MM¢]M7L;€)Z - S(S)ZH

IN

< [S/l/mk]HS(:unk)xnk - m”k” Y Hxnk 1 ZH + HS(S i [S/Iunk]lunk)z - ZH
S(fhn, )Tn, — Ty
< MU ZTnll s S (s = [t i) 7 — 2
ng
S n ne = “4n
< IS = Il S ()2 — 20 < < g
ng

For all £k € N, we have
limsup ||z, — S(s)z| < limsup ||z, — 2||.
k—oo Jo%
Since a Banach space E with a weakly sequentially continuous duality mapping
satisfies the Opial’s condition, this implies S(s)z = z.
(II) Next, we show that z € VI(C, A). From the assumption, we see that the control
sequence {A,, } is bounded. So, there exists a subsequence {)‘nkj} converges to Ag.

We may assume, without loss of generality, that A,, — Ao. Observe that

1Qc(Tn, — MoAzn,) = @n, || < Qo(@n, = AoAzn,) = Y[l + 1Y, — 2, |
< (@n, — AoAzn,) = (20, — An, Az, )|
Hllwn, = S (ne) 2z | + 15 (timi) 2 = Yl
< MAn, = Aol + lzn, = S (hny ) 2,

+||S(:unk)znk - ynk”’
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where M is as appropriate constant such that M > sup,>,{||Az,[/}. It follows
from (3.76), (3.77) and \,, — Ao that

Jim Qe (i, = AoAtn,) = ]| = 0.

We know that Q¢ (I — AgA) is nonexpansive and it follows from Lemma 2.69 that
z € F(Qc(I —XA)). By using Lemma 2.68, we obtain that z € F(Qc(I —X\A)) =
VI(C,A).

Therefore, from (I) and (II), we conclude that z € F:= F(S)NVI(C,A).

Next, we show that limsup,,_,. (yLiz* — puLoz™, J,(y, — 2*)) < 0, where z*
is the solution of the variational inequality (2.20). Since the Banach space E has
a weakly sequentially continuous generalized duality mapping J, : £ — E* and
Yn, — %, we obtain that

limsup,, o (yL12" — pLlox™, Jy(yn — 2¥))
> ]}erolo<7le* — pLoz™, Jy(Yn, — %))

= (yhyat = plex* | Ji(z—2%)) < 0. (3.78)

Finally, we show that {x,} converges strongly to x*. Setting u,, = a,,yL1z,+

nTn + (1 =) — anptLo)S(pin)2n, Vn > 0, it follows from Lemma 2.76, 2.78 and

2.79 that
[y —2*|7 = (Qctn — Un, Jg(yn — ")) + (Un — %, Jy(yn — 7))
< (up — 27, J(yn — 7))
= ([(Q =) = aqpLs][S(pn) 20 — 7], Jg(yn — 27))
o (YL1zn — pLlox®, Jo(Yn — 7)) + Yu(zn — 2%, Jo(yn — 7))
< (1 =y = T[S (1) 20 — 2y = 2|7

+ 90l = 2y — 217" + (Y Lrmn — YL12", Jy(y — 7))

oy, (YLrx® — pLlox™, Jy(yn — %))
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IN

(1—9n — 04717—)”5% = x*”Hyn - 'T*”q_l
Yallzn — ¥ lyn — 2|71 + anyLllzn — 2|y — 2*[|7

tan(yLia” — plox”, Jo(yn — 7))

IN

[ — an(r = yL)llzn — 2" |lllyn — 27|17

+og (YLrx™ — pLlox™, Jy(yn — %))

IN

(1= an(r =D [ lln = 7+ £l — "]
+an<7le* = ,uLzl‘*, JQ(yn — .’L’*)>,

which implies that

1_0411(7—_7[/)
n— o7 < Ty — |2
I =2 < e — |
qan * * *
oy Lix™ — plox™, J (y, — x
1+(q—1)04n(7—7L)<7 . HLaw", Jo(y )
< [1—anlr = vD)lllzn — *||
qOin
+ Lix* — plox™, J,(y, — x¥)).
Therefore,

[ n 1 — 2|

< Ballzn — 2|2+ (1 = Bo) 1S ()Y — ™|
< Bul[Fng T A (L = B )l 2|
< Ballzn = #* (L =Bo ML = an (T L)) || =5 — &

qo‘” * * *
1 (@@= Danlr—qD) 10 0 Jla= 20
[1 = an(r —7L)(1 = Bu)lllzn — pl|?
qan(l _ﬁn)
L+ (q r i 1)an(7— - ’7L>

_|_

(vLiz* — pLox™, Jy(yn — =¥)). (3.79)

Now, from (C1), (3.78) and applying Lemma 2.75 to (3.79), we get ||z, —2*|| — 0
as n — oo. Therefore, the sequence {x,} converges strongly to z* € F'. The proof

is complete. |
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Corollary 3.83. Let C be a sunny nonexpansive retract and nonempty closed con-
ver subset of a 2-uniformly smooth and uniformly convex Banach space E which
admits a weakly sequentially continuous generalized duality mapping J : £ — E*
with the best smooth constant K. Let Q¢ be a sunny nonexpansive retraction from E
onto C, A: C — E be an (-inverse-strongly accretive operator, S = {S(s) : s > 0}
be a nonexpansive semigroup from C into itself, Ly : C' — E be a L-Lipschitzian
mapping with constant L > 0 and Ly : C' — E be a k-Lipschitzian and n-strongly
accretive operator with constant k,n > 0. Assume {an}, {8}, {7}, {\n} C (0,1),
{pn} € (0,00) such that {\,} C [a,b] C (0,1),0 < pp < 7=, 0<a <\, <b<
2,0 <L < 7 where 7 = p(n — K*uk?) and F = F(S)NVI(C, A) # 0. Let

{z,} be the sequences defined by x1 € C' and

z2n = Qo(zy, — M\ Azy,)
n = Qc [an L1y + tn + (L = Yu) — anpiLa)S(pn)2n)
Tn41 = ﬁnxn + (1 — ﬁn)S(Mn)yna

which satisfy the conditions (C1)-(C6) in Theorem 3.82. Then {x,} converges

strongly to x* € F which also solves the following variational inequality:
(vLriz* — plox*, J(z —x¥)) < 0,Vz € F.

Corollary 3.84. Let C' be a sunny nonexpansive retract and nonempty closed con-
vex subset of a q-uniformly smooth and uniformly convex Banach space E which
admits a weakly sequentially continuous generalized duality mapping J, : £ — E*.
Let Q¢ be a sunny nonexpansive retraction from E onto C, A : C — E be an
B-inverse-strongly accretive operator, S = {S(s) : s > 0} be a nonexpansive semi-
group from C' into itself, L, : C' — E be a L-Lipschitzian mapping with constant
L >0 and Ly : C — E be a k-Lipschitzian and n-strongly accretive operator with
constant k,n > 0. Assume {an},{B.}, {7}, {\} C (0,1), {un} C (0,00) such
that {\,} C [a,b] C (0,1), 0 < u < (6‘1—’7)?11 where ¢, is a positive real num-

qk?

ber, 0 < a < A\, < b < (g)q%l’ 0 < yL < 7 where T = pu(n — cquqq—lnq) and
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F:=FS)NVI(C,A) #0. Let {x,} be the sequences defined by x1 € C' and

zn = Qol(rn — N\Axy,)
Yn = Qc [anfylen + Ynn + (1 — ) — Oén/,LLg)% fg" S(s)znds],
Tpi1 = BnTn + (1 - ﬁn)i fon S(‘S)ynds’

which satisfy the conditions (C1)-(C3) and (C6) in Theorem 3.82 and assume that

1 tnt1 1 tn
/ S(s)xds — —/ S(s)zds
thrl 0 tn 0

C bounded subset of C, limy,_.oo ftn = 00 and lim,, ;’TfL = 1. Then {x,} con-

1

lim sup

0 el

=0,

verges strongly to x* € F' which also solves the following variational inequality:
(vLix™ — pLlox™, Jy(z — %)) < 0,Vz € F.

Corollary 3.85. Let C be a sunny nonezxpansive retract and nonempty closed con-
vex subset of a q-uniformly smooth and uniformly convex Banach space E which
admits a weakly sequentially continuous generalized duality mapping J, : £ — E*.
Let Q¢ be a sunny nonexpansive retraction from E onto C', A : C — E be an
B-inverse-strongly accretive operator, L1 : C — FE be a L-Lipschitzian mapping
with constant L > 0 and Ly : C — FE be a k-Lipschitzian and n-strongly accre-

tive operator with constant k,n > 0. Assume {a,},{6n}, {7}, {\n} C (0,1) such

that {\,} C [a,b] C (0,1), 0 < p < (cqu)qfll where ¢, is a positive real num-

ber, 0 < a < X\, < b < (gpﬁ) 0 < yL < 7 where T = p(n — cquqq_lm> and

F:=VI(C,A) #0. Let {x,} be the sequences defined by x, € C and

Zn = QC(In . AnAa;n)
Yn = QC [an'yLlIn + Tndn = ((1 - /Yn)j ' anMLQ)Zn]a
Tpi1 = ann =} (1 - ﬂn)yn7

which satisfy the conditions (C1)-(C3) and (C6) in Theorem 3.82. Then {x,}

converges strongly to x* € F' which also solves the following variational inequality:

(vLyx™ — pLlox™, Jy(z — 2¥)) < 0,Vz € F.
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Proof. Taking p, = 0 in Theorem 3.82, we can conclude the desired conclusion

easily. The proof is complete. n



CHAPTER V

CONCLUSIONS

1. Let H be a real Hilbert space, 1,5, K : H — H a nonexpansive mapping
satisfy the condition (A”) with Q := F(T) N F(S)N F(K)NMEP(F,p) # (. Let
f i+ H — H an ny-strongly monotone and ks-Lipschitzian mapping, g : H — H
an 1,-strongly monotone and k,-Lipschitzian mapping, h : H — H an n,-strongly

monotone and kj-Lipschitzian mapping. For any zg € H, {x,} is defined by

(
2 Slc, T, 0 ¢, KR,

Yn = by + (1 — b,) S5 2, (3.80)

L Tnt1 = nTp + (1 ~ an>T;\n+1yna vn > 07

where

TJZ\"“:U = Tz — Apsf(Tz), VzeH,

Sgﬁ":r =" Sz = fnug9(Sz), Vz € H, (3.81)

K"y = Kz —a,uph(Kz), VreH,

and {a,} C (0,1), {b,} € (0,1), {e,} C (0,1) and {N\,} C [0,1), {B.} C [0,1),
{an} € [0,1), {r,} C (0,00) satisfying the following conditions:

(i) «<a, <B, a<b, <, @< ¢, < for some o, § € (0,1),

(i) Y2 A, <00, > Py <ooand Y 2 a, < o0,
(it)) 0 < py < 2np/k7, 0 < g < 2ng/k; and 0 < pp < 204 /K,

(iv) liminf, .7, > 0.

Then {x,} converges strongly to a point z* € Q.



59

2. Let H be a real Hilbert space, T, S, K : H — H a nonexpansive mapping
satisfy the condition (A”) with F(T) N F(S)NF(K) # 0. Let f : H — H an
ng-strongly monotone and ks-Lipschitzian mapping, g : H — H an ng-strongly
monotone and k,-Lipschitzian mapping, b : H — H an n,-strongly monotone and
kp-Lipschitzian mapping. For any x¢ € H, {z,} is defined by

)
Zn = Ty + (1 — ) Kp" 2y,

Yn = bntn + (1 = by)SPr 2, (3.82)

| Znt1 = @nTn + (1- an)TJZ\"“ym Vn >0,
where
T;‘”“x = To—Mppsf(Tz), VreH,

Sf"a: = Sz — Bupgg(Sx), Va e H, (3.83)

K"r = Kz —a,uph(Kz), VzeH,

and {a,} C (0,1), {b,} C (0,1), {c,} C (0,1) and {N,} C [0,1), {6,} C [0,1),

{a,,} C [0, 1) satisfying the following conditions:

i) a<a,<B, a<b, <P, a<c, < forsome a, § € (0,1),

(i) Y2 A <00, Y o By <ooand Yy > ay, <00,

(il)) 0 < pp < 2np/k%, 0 < pg < 2ng/k} and 0 < py, < 200, /k;,.

Then {z,} converge strongly to a point z* € F(T)N F(S) N F(K).

3. Let C be a sunny nonexpansive retract and nonempty closed convex subset
of a g-uniformly smooth and uniformly convex Banach space F which admits a
weakly sequentially continuous generalized duality mapping J, : E — E*. Let Q¢
be a sunny nonexpansive retraction from F onto C', A : C' — E be an f-inverse-
strongly accretive operator, S = {S(s) : s > 0} be a nonexpansive semigroup from

C into itself, L; : C' — FE be a L-Lipschitzian mapping with constant L > 0 and
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Ly : C — FE be a k-Lipschitzian and n-strongly accretive operator with constant

k,m > 0. Assume {a,}, {Bn}. {7}, {\n} C (0,1), {un} C (0,00) such that {\,} C

la,b] € (0,1),0 < p < (C;’%)?ll where ¢, is a positive real number, 0 < a < A, <

b< (£)77,0 < yL < 7 where 7 = u(n— 24 and F = F(S)NVI(C, A) # 0.

Let {x,} be the sequences defined by x; € C' and

Zn = QC(xn - )\nAxn>
Yn = Qc [OénVLll’n + Yoo + (1 — )l — O‘nﬂL2)S(Nn)Zn} 5 (3.84)
Tnt1 = ﬁnxn + (1 — ﬁn)S(/Ln)yna

which satisfy the following conditions:

(C1) limy,—oo v, =0, D02 s 0, = 005 and limy, oo |@ng1 — | = 0;

(C2) limy,— oo [Ant1 — A = 0,liminf, ., A, > 0;

(C3) 0 < liminf, . £, <limsup,,_, . Bn < 1;

(C4) lim, o ptn = 0;

(C5) limy, oo SUP, 6 1S (fns1) — S(pn)z|| = 0, C bounded subset of C;

(C6) lim, oo | Ynt1 — Yu| = 0,0 < liminf,, o7, < limsup,_, ., 7 < 1.

Then {z,} converges strongly to z* € F which also solves

4. Let C be a sunny nonexpansive retract and nonempty closed convex subset
of a 2-uniformly smooth and uniformly convex Banach space E which admits a
weakly sequentially continuous generalized duality mapping J : £ — E* with the
best smooth constant K. Let Q¢ be a sunny nonexpansive retraction from E onto
C, A: C — E be an f-inverse-strongly accretive operator, S = {S(s) : s > 0}
be a nonexpansive semigroup from C' into itself, L, : C' — E be a L-Lipschitzian
mapping with constant L > 0 and Ly : C' — E be a k-Lipschitzian and n-strongly

accretive operator with constant ,n > 0. Assume {a,},{6.}, {7}, {} C (0,1),
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{pn} C (0,00) such that {\,} C [a,b] C (0,1),0 < p < 5=, 0<a <\, <b<
5,0 < yL < 7 where 7 = p(n — K?ux?®) and F := F(S)NVI(C, A) # 0. Let

ek

{z,} be the sequences defined by z; € C' and

Zn = QC(CUn - )\nAxn)
Yn = Qo [Oén'}/len + Yy + (L — )] — O‘n/’JL2)S(PJn)Zn]v

which satisfy the conditions (C1)-(C6) in Theorem 3.82. Then {z,} converges

strongly to * € F' which also solves the following variational inequality:

(yLix* — pLox™, J(2 — z*)) <0,Vz € F.

5. Let C' be a sunny nonexpansive retract and nonempty closed convex subset
of a g-uniformly smooth and uniformly convex Banach space F which admits a
weakly sequentially continuous generalized duality mapping J, : £ — E*. Let Q¢
be a sunny nonexpansive retraction from F onto C, A : C' — E be an (-inverse-
strongly accretive operator, S = {S(s) : s > 0} be a nonexpansive semigroup from
C into itself, L; : C' — E be a L-Lipschitzian mapping with constant L > 0 and
Ly : C — FE be a k-Lipschitzian and n-strongly accretive operator with constant
k,n > 0. Assume {a,, }, {8}, {7} {M} € (0,1), {u,} C (0,00) such that {\,} C
[a,b] € (0,1),0 < p < (%)?11 where ¢, is a positive real number, 0 < a < A, <
b< ()77, 0 <L < 7 where 7 = pu(n— “) and F 1= F(S)NVI(C, A) # 0.

Let {x,} be the sequences defined by x; € C' and

Zn = QC(xn - )\nAxn>
Yn = QC [Oén/ylen N YnTn - ((1 4 ryn)j " OZHNLQ)% f(fn S(S)ans],
Tpi1 = BnZn + (1 = ﬁn)% f()n S(S)ynd57

which satisfy the conditions (C1)-(C3) and (C6) in Theorem 3.82 and assume that

1 tn+1 1 tn
/ S(s)xds — —/ S(s)xds
tnt1 Jo tn Jo

=0,

lim sup

n—oo {L‘Eé
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C bounded subset of C, lim,,_ fn = 00 and lim,, MZL = 1. Then {z,} con-

verges strongly to x* € F' which also solves the following variational inequality:

(vLyx™ — pLlox™, Jy(z — %)) < 0,Vz € F.

6. Let C be a sunny nonexpansive retract and nonempty closed convex subset of a
g-uniformly smooth and uniformly convex Banach space E which admits a weakly
sequentially continuous generalized duality mapping J, : £ — E*. Let ()¢ be a
sunny nonexpansive retraction from E onto C'; A : C' — FE be an [-inverse-strongly
accretive operator, Ly : C' — E be a L-Lipschitzian mapping with constant L > 0
and Ly : C — E be a k-Lipschitzian and n-strongly accretive operator with constant
k,m > 0. Assume {a,}, {60}, {7}, { )} C (0,1) such that {\,} C [a,b] C (0,1),
0<p< (C—g%)ﬁ where ¢, is a positive real number, 0 < a < A\, < b < (g)q—%,
0 <L < 7 where 7 = pu(n — @) and F := VI(C,A) # (. Let {z,} be the

sequences defined by z; € C' and

Zn = QC(xn - AnAxn)
Yn = Qc [anYL1Zn + VaZn + (1 — V) — anpls)z,],

Breret (1 - 6n>ym

which satisfy the conditions (C1)-(C3) and (C6) in Theorem 3.82. Then {z,}

converges strongly to #* € F' which also solves the following variational inequality:

(yLix™ — pLlox™*, Jy(z — %)) < 0,Vz € F.
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